Abstract. Let (M, g) be a closed oriented Riemannian 3-manifold and suppose that there is a strongly irreducible Heegaard splitting H. We prove that H is either isotopic to a minimal surface of index at most one or isotopic to the stable oriented double cover of a non-orientable minimal surface with a vertical handle attached. In particular, this proves a result conjectured by Rubinstein. Some consequences include the existence in any RP 3 of either a minimal torus or a minimal projective plane with stable universal cover. In the case of positive scalar curvature, it is shown for spherical space forms not diffeomorphic to S 3 or RP 3 that any strongly irreducible Heegaard splitting admits a minimal representative in its isotopy class, and that there is a minimal Heegaard splitting of area less than 4π if R ≥ 6.
When studying the topology of 3-manifolds, it can be useful to realize a Heegaard splitting as a minimal surface, since the geometric nature of minimal surfaces simplifies comparisons between splittings and helps in classification or counting problems. Such a result was announced by Rubinstein in [28, Theorem 1.8] , where he sketches a proof, and it was used in [6, 7] for instance. Apparently a complete proof was not published, so we state it as a conjecture:
Conjecture 1 (Rubinstein [28] ). Let (M, g) be a closed oriented Riemannian 3-manifold and suppose that there is a strongly irreducible Heegaard splitting H. Then H is either isotopic to a minimal surface or isotopic to the oriented double cover of a non-orientable minimal surface with a vertical handle attached.
Since a Heegaard splitting determines a smooth family of surfaces filling the manifold and ending at graphs, a natural direction to prove such a result is the min-max theory for minimal surfaces. Its principle can be roughly described as follows: taking a sequence of 1-parameter smooth families of surfaces {Σ i t } t∈ [0, 1] sweeping out the manifold, which are tighter and tighter in the sense that max t H 2 (Σ i t ) converges to the infimum possible among sweepouts in a same homotopy class, there exists a subsequence of surfaces Σ j t j converging to a minimal surface. In [12] , Ketover analyzed how the subsequence Σ j t j converges to a min-max limit surface Σ ∞ . He deduced a genus bound for Σ ∞ which was conjectured by Pitts and Rubinstein. He also made an important step towards a proof of Rubinstein's claimed result, by proving that either it was true, or Σ ∞ had several components and was obtained by some particular surgeries. The problem left to get the final result was that Σ ∞ may have several components, in particular stable ones. In this paper, we prove the conjecture thanks to a local version of the min-max theory, which enables to bypass this issue. In favorable cases, by removing the stable surfaces, one gets a 3-manifold N with boundary to which one can apply a version of the min-max theorem with stable boundary. The crucial step is then to show that we obtain a minimal surface that is not entirely included in the boundary ∂N. Using this local min-max result, one gets an interior minimal surface and if it has many components, then one finds stable minimal surfaces in the interior Int(N). Hence in order to prove the conjecture of Rubinstein, we want to get rid of all the unwanted stable minimal surfaces that could appear after a min-max procedure. After doing so, we get a so-called core of the manifold and applying the previously mentionned local min-max theorem, we get a minimal surface as described in the conjecture. We will actually show a slightly more precise result because if H is not isotopic to a minimal surface of index at most one, then it is isotopic to the stable oriented double cover of a non-orientable surface with a vertical handle attached. For this precise improvement, the catenoid estimate of Ketover, Marques and Neves [13] will be useful. We note that in [21] Montezuma proved a "partial" min-max theorem for a domain Ω, but it differs from our version in the following way. In [21] , Ω is mean-concave, the surfaces sweep out the entire manifold and only the ones touching Ω are considered when defining the partial min-max width. In our version Ω has minimal or mean-convex boundary, and the surfaces only sweep out the domain Ω. Moreover, our version uses the Simon-Smith setting so the analysis of [12] can be applied, whereas in [21] , Theorem B is proved in the Almgren-Pitts setting and no topological information can be deduced for the min-max minimal surface (though a smooth version of it is expected).
The proof sketched by Rubinstein, while insightful and natural, remains vague or incomplete on some points. Based on another unpublished announced result of Pitts and Rubinstein [26] , he assumes that the min-max surface essentially contains the topological information of the sweepouts, and this was proved later by Ketover [12] . Moreover he suggests to apply the min-max theorem but taking into account only a subdomain of the manifold, and he claims that one gets a minimal surface inside the interior of such a subdomain. This needs to be defined and justified (see Theorem 12) . Besides, in [28, Corollary 1.9] he takes the limit of min-max surfaces by stating that their areas are bounded, which is unclear since the min-max widths he just considered are atttached to subdomains and could a priori be unbounded, even if the metrics converge.
As a corollary of the proof of Rubinstein's conjecture, we obtain:
(1) Any lens space not diffeomorphic to S 3 or RP 3 contains a minimal torus with index at most one. (2) Any RP 3 contains either a minimal torus of index at most one or a minimal projective plane with stable universal cover. In particular if the metric is bumpy, then either there is an index one minimal torus or there is an index one minimal sphere.
The second part of the second item was observed by Marques. The mapping degree method of White [36] gives the existence of a minimal torus in every RP 3 with positive Ricci curvature. This result was improved in [13, Theorem 3.3 ] to obtain an index one minimal torus in such a manifold. The previous corollary can be thought of as an extension of these results in the direction of finding index at most one minimal tori. An example will show that the second item in Corollary 2 is optimal for index at most one minimal tori not included in a 3-ball. We also remark that Rubinstein's conjecture yields a short proof of the uniqueness of the genus 3 Heegaard splitting in a 3-torus up to isotopy [9, Theorem 4.2] .
Specializing these results to the case of positive scalar curvature R, we first prove:
Theorem 3. In a spherical space form not diffeomorphic to S 3 or RP 3 with positive scalar curvature, any strongly irreducible Heegaard splitting admits an index one minimal representative in its isotopy class.
When R ≥ 6, the Hersch trick for index one oriented minimal surfaces only gives 16π/3 as an upper area bound when the genus is odd. However when Ric > 0, Marques and Neves proved in [15] that in many cases there is a Heegaard splitting of index one and area less than 4π. By extending our method in [34] , where it is proved that there always exists a minimal surface of area at most 4π when R ≥ 6, we note the following generalization: Theorem 4. Any spherical space form not diffeomorphic to S 3 or RP 3 with R ≥ 6 admits an index one minimal Heegaard splitting of area less than 4π. In an RP 3 with R ≥ 6, either there is an index one minimal Heegaard splitting of genus 1 and with area less than 4π or there is a minimal RP 2 with stable universal cover and with area less than 2π.
The proof uses the local min-max theorem applied to the lift of the manifold to S 3 . Notice that in the two previous theorems, the first one gives a minimal genus Heegaard splitting while the second one gives an improved area bound for a (not necessarily irreducible) Heegaard splitting. It is tempting to can ask whether these two results can be combined (see Remark 27) . It can also be interesting to compare these results with [20] , where Montezuma constructs metrics with positive scalar curvature and unbounded min-max widths.
Since all the min-max constuctions are localized, versions of the previous results hold for non-prime 3-manifolds. We give a review of the basic definitions from Geometric Measure Theory and some notions of the Almgren and Pitts' theory used thereafter. For a complete presentation, we refer the reader to the book of Pitts [27] and to Section 2 in [16] .
Let M be a closed connected Riemannian (n + 1)-manifold, assumed to be isometrically embedded in R P . We work with the space I k (M) of kdimensional integral currents with support contained in M, the subspace Z k (M) ⊂ I k (M) whose elements have no boundary, and with the space V k (M) of the closure, in the weak topology, of the set of k-dimensional rectifiable varifolds in R P with support in M. An integral current T ∈ I k (M) determines an integral varifold |T | and a Radon measure ||T || ([27, Chapter 2, 2.1, (18) (e)]). If V ∈ V k (M), denote by ||V || the associated Radon measure on M. Given an (n + 1)-dimensional rectifiable set U ⊂ M, if the associated rectifiable current (oriented as M) is an integral current in I n+1 (M), it will be written as [|U|] . To a rectifiable subset R of M corresponds an integral varifold called |R|. The support of a current or a measure is denoted by spt. The notation M stands for the mass of an element in I k (M, Z). On I k (M) there is also the flat norm F which induces the so-called flat topology. The space V k (M) is endowed with the topology of the weak convergence of varifolds. The F-metric was defined in [27] and induces the varifold weak topology on any subset of V k (M) with mass bounded by a constant.
We denote [0, 1] by I. For each j ∈ N, I(1, j) stands for the cell complex on I whose 1-cells and 0-cells are, respectively,
I(1, j) p denotes the set of all p-cells in I(1, j).
we define the fineness of φ as
For each x ∈ I(1, j) 0 , define n(i, j)(x) as the unique element of I(1, j) 0 such that d(x, n(i, j)(x)) = inf{d(x, y); y ∈ I(1, j) 0 }.
We can now define discrete sweepouts. Let C 0 , C 1 ∈ Z n (M).
Definition 6.
(1) Let δ > 0. We say that φ 1 and φ 2 are homotopic in (Z n (M), C 0 , C 1 ) with fineness δ if and only if there exist positive integers k 1 , k 2 , k 3 and a map
such that f(ψ) < δ and whenever j = 1, 2 and x ∈ I(1, k 3 ) 0 , "To be homotopic with" is an equivalence relation on the set of homotopy sequences of mappings into (Z n (M), C 0 , C 1 ). An equivalence class of such sequences is called a homotopy class of mappings into (Z n (M), C 0 , C 1 ). The space of these equivalence classes is denoted by π
Compared with Pitts [27] , we need a more flexible definition of sweepouts, whose ends are allowed to be arbitrary cycles in Z n (M). This will enable to localize the min-max theory.
Let us define the local min-max width. Let (M n+1 , g) be a closed oriented manifold and let N be a compact non-empty (n + 1)-submanifold with boundary. Suppose that Γ 0 and Γ 1 are disjoint closed sets, Γ 0 ∪ Γ 1 = ∂N, and C 0 (resp. C 1 ) is the cycle in Z n (N) which is determined by Γ 0 (resp. Γ 1 ) with multiplicity one and with orientation given by the inward (resp. outward) unit normal. Given Π ∈ π
The width of Π is then the following quantity:
In [1] , Almgren describes how to associate to a map φ : I(1, j) 0 → Z n (M), with fineness small enough, an element of I n+1 (M). Let us explain this construction. There is a number µ > 0 such that if T ∈ I n (M) has no boundary and F (T ) ≤ µ, then there is an S ∈ I n+1 (M) such that ∂S = T and
Such an S is called an F -isoperimetric choice for T . A chain map
, be a map with fineness smaller than µ. There is a chain map Φ :
Consider the (n + 1)-dimensional integral current
By the interpolation formula of [1, Section 6], this sum is invariant by homotopies with fineness smaller than µ. Hence when Π ∈ π ♯ 1 (Z n (N), C 0 , C 1 ) and {φ i } ∈ Π, the map which associates to Π the (n + 1)-dimensional current (1), defined with φ i for i sufficiently large, is well defined. We call this map the Almgren map and we denote it by
We will use interpolation results which make it possible to get discrete sweepouts from maps continuous in the flat topology and vice-versa. These results were proved in [17, , were extended in [38] and [39] confirmed that the technical condition "no mass concentration" was actually superfluous.
The mean curvature of a surface endowed with the outward normal ν will be said to be positive when the mean curvature vector is a negative multiple of ν. Piecewise smooth mean convexity was defined in [34, Definition 10] . In what follows, given a set E, its closure in the ambient space will be denoted byĒ. Its topological boundary will be ∂E. When E is an open set with regular boundary, ∂E inherits a natural orientation and outward normal ν. The metric g is said to be bumpy if no smooth immersed closed minimal hypersurface has a non-trivial Jacobi vector field. White showed that bumpy metrics are generic in the Baire sense [36, 37] .
) be a closed oriented manifold endowed with a bumpy metric g and 2 ≤ n ≤ 6. Let N be a compact non-empty (n + 1)-submanifold of M whose boundary components are either piecewise smooth mean convex or minimal hypersurfaces. Suppose that Γ 0 and Γ 1 are disjoint closed sets, Γ 0 ∪ Γ 1 = ∂N, and C 0 (resp. C 1 ) is the cycle in Z n (N) which is determined by Γ 0 (resp. Γ 1 ) with multiplicity one and with orientation given by the inward (resp. outward) unit normal.
Suppose that the homotopy class
Then there exists a stationary integral varifold V whose support is a smooth embedded minimal hypersurface Σ of index bounded by one, such that
Moreover one of the component of Σ is contained in the interior Int(N).
Proof. Let Υ u (resp. Υ s ) be the union of minimal hypersurfaces in ∂N which are unstable (resp. stable). Since the metric is bumpy, we can find a small δ > 0 so that The next lemma gives a criterion to apply the previous theorem.
Consequently, if Γ 0 and Γ 1 are both stable minimal hypersurfaces, then the conclusion of Theorem 9 holds.
Proof. Denote by |Γ 0 | the varifold determined by Γ 0 with multiplicity one. Since any homotopy sequence {ψ i } ∈ Π sweeps out N non trivially, for all ǫ 0 > 0 small enough there is an element x ∈ I(1,
The lemma readily follows from this claim. To prove the latter, we argue by contradiction and consider a sequence of cycles T i ∈ Z 2 (M) with |T i | ∈ A, and a sequence of positive numbers δ i going to zero such that M(T i ) ≤ M(C 0 ) + δ i . Let Ω r be an r-neighborhood of Γ 0 so that there is a family of area-decreasing maps {P t } t∈[0,1] as in [18, Proposition 5.7] . Note that ||T i ||(M\Ω r/2 ) is smaller than κ.ǫ 0 where κ = κ(Γ 0 , r) ≥ 1 is a constant. By the properties of Ω r , if we fix ǫ 0 small enough then for any integral cyclê T with |T | ∈ B F (1+2κ)ǫ 0 (|Γ 0 |) and support inΩ r we have by the constancy theorem:
For almost all r ′ ∈ (r/2, r), we can minimize the part of T i outside Ω r ′ , by the monotonicity formula (fix ǫ 0 small) we get an integral cycle T ′ i coinciding with T i inside Ω r ′ but area-minimizing outsideΩ r ′ , and satisfying
By the choice of the sequence T i ,
, r) can be chosen so that the mass ||T i ||(M\Ω r ′ ) also converges to zero. Indeed, either ||T i ||(Ω r \Ω r/2 ) goes to zero or not. In the first case, let f be the function defined before Proposition 5.7 in [18] . By the coarea formula, we find r ′ ∈ (r/2, r) such that T i , f, r ′ is an integral current with arbitrarily small mass: consequently ||T
it forces ||T i ||(M\Ω r ′ ) to go to zero too. In the second case, namely if ||T i ||(Ω r \Ω r/2 ) does not go to zero, we choose r ′ tending to r as i ∈ ∞, such that ||T ′ i ||(Ω r \Ω r/2 ) is also bounded away from zero (for a subsequence in i). Then by the computation in the proof of [18, Proposition 5.7] and supposing (3) true, the derivative of (P t ) ♯ |T ′ i | is uniformly bounded above by a negative constant for t ∈ [0, t 0 ] where t 0 > 0 is independent of i. This contradicts the upper bound in (3). To sum up, we just showed that for a certain choice of 
also converges to zero, contradicting the fact that T i ∈ A.
Min-max constructions in the Simon-Smith setting
Let N be a connected compact 3-manifold with boundary, subset of a closed oriented manifold (M, g). The surfaces considered in this subsection are all embedded.
Definition 11. Let {Σ t } t∈[0,1] be a family of closed subsets of N with finite H 2 -measure such that
We say that {Σ t } is a generalized family of surfaces (or smooth sweepout) if there are finite sets
where C is a finite union of curves, Σ t ⊂ Int(N) for t > 0 and Σ t converges smoothly to Σ 0 (resp. Σ 1 ) in N\C as t → 0 (resp. 1).
Since M is oriented, we will only consider smooth sweepouts {Σ t } where all the smooth slices are oriented. Let Π be a collection of smooth sweepouts. Denote by Diff 0 the set of diffeomorphisms of N isotopic to the identity map and leaving the boundary fixed. The set Π is saturated if for any map ψ ∈ C ∞ ([0, 1] × N, N) such that ψ(t, .) ∈ Diff 0 for all t, and for any {Σ t } ∈ Π, we have {ψ(t, .)(Σ t )} ∈ Π. We also require the existence of N 0 = N 0 (Π) ≥ 0 such that the set P has at most N 0 points for any smooth sweepout in Π. We say that Π is generated by a smooth sweepout if Π is the smallest saturated set containing {Σ t }. The width of N associated with Π in the sense of Simon-Smith is defined to be
Given a sequence of smooth sweepouts {{Σ
The Almgren map A defined in the previous subsection can also be defined on the family of smooth sweepouts of M. A smooth sweepout {Σ t } whose smooth slices are always supposed to be oriented, determines a family of integral cycles continuous in the flat topology. Then by [1] , one can associate to it an integral current in I 3 (M).
The genus of a non-orientable surface is defined as 2 minus its Euler characteristic.
In the following theorem, we want to show that in the setting of SimonSmith, local min-max still gives a minimal surface inside the interior of the connected domain N. Suppose that ∂N = Γ 0 ∪ Γ 1 where Γ 0 , Γ 1 are disjoint closed surfaces. Assume also that each component of the boundary ∂N is either a strictly mean convex surface or a minimal surface.
Theorem 12. Let be N ⊂ (M, g), Γ 0 , Γ 1 as described above, endowed with a bumpy metric g. Let Π be a saturated set generated by all smooth sweepouts
• N 0 (Π) = 0 and for all t ∈ (0, 1), the surface Σ t is connected orientable, separating M into two handlebodies, strongly irreducible inside N, and has genus bounded by h.
is bounded by one and there is an i 0 such that Σ
Moreover, the following genus bound holds:
where O (resp. N ) denotes the set of i for which Σ ∞ i is orientable (resp. non-orientable).
Proof. As in the proof of Theorem 9, let Υ u (resp. Υ s ) be the union of minimal surfaces in ∂N which are unstable (resp. stable). Since the metric is bumpy, we can find a small δ > 0 so that N δ := (N ∪ {x ∈ M; d(x, Υ s ) ≤ δ})\{d(x, Υ u ) < δ} is a strictly mean convex domain and if a closed minimal surface is contained in N δ then it is contained in N. The saturated set Π naturally induces a saturated set Π δ associated with N δ . It is then not difficult to check that for δ small, W (N δ , Π δ ) = W (N, Π). If δ is chosen small enough, we can apply the version of the Simon-Smith theorem proved in [15, Theorem 2.1] to get the existence of the varifold
and the genus bound follows from [12] . The index of the union
is bounded by one according to Theorem 6.1 and paragraph 1.3 in [18] .
The goal of the remaining of the proof is to show the existence of a component Σ ∞ i 0 inside the interior Int(N). The arguments will share some similarities with [18, Deformation Theorem C], however we have to deal with smooth isotopies. On the other hand, we only need to rule out the case where the whole min-max surface is included in the boundary. Let {{Σ i t }} i be a pulled-tight minimizing sequence and suppose that for all V ∈ Λ({{Σ i t }} i ) with smooth support, spt(V ) is included in ∂N. Since the min-max theorem is actually applied to N δ , all the components of Γ 0 ∪ Γ 1 in the support of V are inside Int(N δ ) and consequently are stable. Given a sweepout in Π, we orientate Σ t with the unit normal ν pointing towards Γ 1 . In N, each Σ t hence bounds a manifold with boundary B(Σ t ) such that ν is the outward normal.
If S is a surface, let |S| be the varifold it determines with multiplicity one. Denote by S 1 , ..., S p the stable minimal components of Γ 0 ∪ Γ 1 . Let V be a varifold with mass W (N, Π), of the form:
where m i are nonnegative integers. There is only a finite number of such V . Let {Σ t } t∈[0,1] be a smooth sweepout in Π. We are applying the following discussion to the pulled-tight minimizing sequence {{Σ i t }} i so we are assuming {Σ t } to be one of these sweepouts. We can in particular make
If α is sufficiently small, then for any t ∈ V α , Σ t bounds B(Σ t ) which has volume either close to 0 or close to V ol(N). We suppose that V α is non-empty (otherwise there is nothing to prove) and is a finite union of closed intervals. Let [a 1 , b 1 ] ,...,[a q , b q ] be the intervals in V α such that B(Σ t ) has volume close to 0, where
We have b q < 1 since α is small enough. Let Ω r be an r-neighborhood of S 1 ∪ ... ∪ S p ⊂ Γ 0 ∪ Γ 1 so that there is a family of area-decreasing maps {P t } t∈[0,1] as in [18, Proposition 5.7] .
We recall the following "bounded path" version of the γ-reduction of [19] proved in [5, Section 7] . ConsiderΣ a surface embedded in Int(N) ∩ N δ . Let U be an open set included in N. Let Is(U) be the set of isotopies of N δ fixing N δ \U, with parameter in [0, 1], and for µ > 0 define
An element of the above set is called a µ-isotopy. Suppose that the sequence
Then in U, ψ k (1,Σ) subsequently converges in the varifold sense to a smooth minimal surfaceΓ.
Notice (see Remark 13) that by strong irreducibility of Σ bq in N, during a γ-reduction, there are a finite number of surgeries along curves and at each step, if it is done along an essential curve (in the surface of this step) then the surgery disk is on one well-determined side of Σ bq independent of the surgery (the side of Γ 0 in the case when B(Σ bq ) is close to 0). Surgeries along non-essential curves can occur on both sides and split off spheres. Moreover the non-sphere components have multiplicity one. Let us apply the bounded path version of the γ-reduction to Σ bq , with U = Int(N δ )\Ω r/2 , with µ small to be determined later. If α is small enough, then by the monotonicity formula the resulting limit varifold V 1 has support in Ω r . Hence Σ bq can be deformed by a µ-isotopy to a surface A, obtained by attaching to a closed surface B ⊂ Ω r some thin handles, with H 2 ((A\B) ∪ (B\A)) arbitrarily small. We push B towards Γ 0 with P t and for t close enough to 1, the area of P t (B) is strictly smaller than W (N, Π). Indeed otherwise by the properties of P t (see Claim 3 in the proof of [18, Deformation Theorem C]), we would have
and µ are very small, contradicting the definition of b q . Let C be a surface obtained by A from a µ-isotopy, close to P t (B) as above.
We can reapply γ-reduction to P t (B), with U = Ω r and µ smaller than W (N, Π) − H 2 (P t (B)). We get a limit varifold V 2 of the form (4). Let D be a surface deformed from C by a µ-isotopy, arbitrarily close to V 2 . Now write V 2 = m 2,1 |S 1 | + ...m 2,p |S p |. Suppose that some of the coefficients are strictly larger than one, say m 2,j > 1 for j ∈ J . The surface S j is a 2-sphere for any j ∈ J . We are going to further deform D, by a µ-isotopy, into a surface E arbitrarily close to
where each m 3,i is either 0 or 1. By Remark 3.27 in [19] , D is isotopic to the union ofS i with finitely many small handles attached inside Int(N), wherẽ
where δ > 0 is arbitrarily small so that
is a diffeomorphism on its image supposed to be contained in Ω r/2 , with ν the inward unit normal of Γ 0 (recall that Γ 0 ⊂ ∂N). The isotopy between D and iS i plus the handles can be chosen to be a µ-isotopy when δ is small enough (for that we can take advantage of the maps P t ). By "small handles", we mean that they are close to curves with endpoints in iS i in the Hausdorff distance, say. We attach these handles one by one to iS i . When attaching these handles, we stop at the first one that makes one of the layers {x ∈ N; dist(x, S i ) = δ} and a layer
into the same connected component; this handle exists because D is connected. We can deform with a µ-isotopy this handle into a handle joining {x ∈ N; dist(x, S j ) = δ} and {x ∈ N; dist(x, S j ) = δ
)}, and close to the straight curve
for a certain y ∈ S j . This is possible due to the following fact: the surgery corresponding to this handle is on the side of Γ 1 so is realized along a curve bounding a disk in the presurgery surface. We continue to add the remaining handles and get a surface D ′ µ-isotopic to D. Then by "opening up" the special handle, it is not hard to decrease by a uniform amount (depending only on Γ 0 ) the area of D ′ by a µ-isotopy. This means that by γ-reduction again in U = Ω r we can deform
We can continue until we get E from D by a µ-isotopy, such that E is close to V 3 of the form (5). Since Σ bq separates and B(Σ bq ) has volume close to 0, this means that E is very close to Γ 0 plus a finite union of curves. To sum up what we just did: we deformed Σ bq to C, then from C we got a surface E, all by µ-isotopies such that the area between C and E is strictly less than W (N, Π). Moreover, similarly to Claims 1 and 2 in the proof of [18, Deformation Theorem C], one can check that there is a positive η independent of max t H 2 (Σ t )−W (N, Π) and µ when the latter are sufficiently small such that for any surface X appearing as Σ bq is deformed into C, F(|X|, V ) > η. By reversing the directions of the isotopies, we get an isotopy from E to Σ bq , and we glue this isotopy to {Σ t } t∈[b bq ,1] .
The above procedure can be realized for all V of the form (4) with mass W (N, Π). It can be done also in a symmetric way for t ∈ V α such that B(Σ t ) has volume close to V ol(N). As a result, we get a new family
By pinching the small necks ofΣ b ′ ,Σ a ′ and pushing everything on Γ 0 ∪ Γ 1 , we obtain a family still denoted by {Σ t } t∈[b ′ ,a ′ ] , satisfying the following properties for some η small enough and for µ arbitrarily small: (4) . So the usual min-max theorem (see [5] ) would imply that there is a minimal surface whose area counted with multiplicity is W (N, Π) and which is not entirely contained in the boundary ∂N. This contradicts our assumption so the theorem is proved.
It is expected more generally that, similarly to the Almgren-Pitts setting (see [18] ), the local min-max surface cannot be stable for bumpy metrics.
Remark 13. Strong irreducibility has consequences on how surgeries can be performed. The following observation was used in previous works but not really explained. Suppose that S = S 1 is strongly irreducible in N and separates N into W , W ′ . Suppose also that S 2 , ..., S K are successively obtained by surgery from the previous one (for instance along a γ-reduction [19] or a smooth min-max procedure [12] ). We can assume the surgery curves α i (i ∈ {1, ..., K}) to be disjoint and contained in S 1 . Then by switching W and W ′ if necessary, for all i ∈ {1, ..., K}, if the surgery is performed along a curve α i essential in S i , α i bounds a disk in W . To check this, one can argue as follows: let i 0 be the first time when this assertion becomes false. Then α i 0 is essential in S i 0 , and it bounds a disk D contained in one of the sides of S i 0 , but by irreducibility it intersects S 1 along curves, say β 1 , ..., β j , that are essential in S 1 since they are homotopic to surgery curves essential in some of the S i . Each β j bounds a disk inside D j , say on the side W . Now by Proposition 1 in [19] , a surface parallel to the boundary ∂W ′ can be isotoped inside W ′ to a surface of arbitrarily small area. Along this isotopy (parametrized by [0, 1]), we keep track of the intersection I t (t ∈ [0, 1]) between the surface and D\ j D j . This intersection can be made transversal for almost all t ∈ [0, 1] and for some t close to 1, I t is a collection of loops γ k enclosing disks inside D\ j D j . Since D\ j D j ⊂ W ′ , if one of the γ k is essential in S 1 then we get a contradiction by strong irreducibility. On the other hand if none of them is essential, it means that γ i 0 was not essential either in S i 0 , a contradiction again.
From this "one-sided surgeries" property, we deduce two useful facts [28] , [13, Theorem 3.3] . Firstly if the surfaces of a smooth sweepout are isotopic to a strongly irreducible Heegaard splitting H as in Theorem 12 and a minmax surface is non-orientable, then there is only one non-sphere component, it has multiplicity two and its double cover plus a vertical handle is isotopic to H (see [11, Corollary 1.6] ). Secondly if the min-max surface is orientable, then the non-sphere components have multiplicity one (this can be checked using [29, Theorem 2.11]).
The following lemma is the smooth analogue of Lemma 10. Lemma 14. Assume N ⊂ (M, g), Γ 0 , Γ 1 to be as in Theorem 12. Let Π be a saturated set whose elements satisfy: for any smooth sweepout {Σ t } in Π, A({Σ t }) = [|N|], and Σ i = Γ i ∪ {finite union of curves} for i = 0, 1. Suppose that Γ 0 is a stable minimal surface. Then
Consequently if Γ 0 and Γ 1 are both stable and Π satisfies the hypotheses of Theorem 12, then its conclusion holds.
Proof. Notice the following general inequality relating the Simon-Smith and Almgren-Pitts widths. By discretizing a sequence of minimizing smooth sweepouts {Σ i t } ∈ Π, we get a homotopy sequence of mappings
where the currents C 0 , C 1 are determined by Σ 0 , Σ 1 . As a consequence,
The proof then follows immediately from Lemma 10
Minimal Heegaard splittings in orientable 3-manifolds
In this section, M is an irreducible oriented closed 3-manifold not diffeomorphic to S 3 . All surfaces considered are closed embedded. Any oriented closed 3-manifold admits a Heegaard splitting. An embedded connected orientable surface Σ is a Heegaard splitting if M\Σ has two connected components each diffeomorphic to a handlebody (see [19, Proposition 1] for a characterization of handlebodies). The Heegaard genus of M is the lowest possible genus of a Heegaard splitting of M. For simplicity, we will use "minimal Heegaard splitting" to denote a closed connected embedded minimal surface which is a Heegaard splitting.
Consider Γ 0 and Γ 1 two (not necessarily connected) disjoint oriented stable minimal surfaces such that each component of Γ 0 ∪ Γ 1 separates and bounds an open handlebody on exactly one side (the other side is not a handlebody), and such that these handlebodies are disjoint. The union of handlebodies bounded by a component of Γ 0 (resp. Γ 1 ) is called B(Γ 0 ) (resp. B(Γ 1 )). Let H be a Heegaard splitting of M. We say that the couple (Γ 0 , Γ 1 ) is H-compatible if Γ 1 , Γ 2 are as described above and if there is a smooth sweepout {Σ t } t∈ [0, 1] 
, Σ t is isotopic to H for t ∈ (0, 1) and for i = 1, 2: Σ i = Γ i ∪ {finite union of curves in N}.
The family of H-compatible couples
Given a metric g on M, a subset U ⊂ M and a Heegaard splitting H, let S g (U, H) be the set of H-compatible couples (Γ 0 , Γ 1 ) with respect to g, such that
) be two elements of S g (U, H). We can put a partial order on S g (U, H) in the following way:
. By abuse of notation, we will sometimes write S for Γ 0 ∪Γ 1 , and B(S) for B(Γ 0 ) ∪B(Γ 1 ).
Lemma 15. Let (M, g) be as above and let H be an irreducible Heegaard splitting. Suppose that there an element S = (Γ 0 , Γ 1 ) ∈ S g (M, H) and let U := M\B(S).
• Either H is isotopic to the stable oriented double cover of a nonorientable minimal surface Σ ⊂ U with a vertical handle attached, or for any S ∈ S g (U, H), there exists a maximal element S max ∈ S g (U, H) such that S S max ,
where S max is maximal, then
Proof. Let S ∈ S g (U, H), and consider a sequence {S i } ⊂ S g (U, H) such that S S 1 S 2 ... and
We want to show that S i converges subsequently to a minimal surface. By stability, [30] gives a uniform upper bound K on the second fundamental form of S i and hence a uniform lower bound δ 0 > 0 on the focal distance of S i (the supremum of the d such that, given ν a unit normal of S i , the map
. It suffices to rule out the possibility that the area H 2 (S i ) is unbounded. Note that in our case, for each S i the other S j are on one side of S i , moreover for any µ > 0, there exists an integer i 0 such that the volume enclosed by S i and S j is smaller than µ if i, j ≥ i 0 . Let ν be the unit normal of S i pointing outward of B(S i ). If µ is chosen small compared to K then for any j ≥ i 0 , x ∈ S i 0 , {exp x (sν); s ∈ [0, δ 0 ]} ∩ (S i 0 ∪ S j ) = ∅. So since S i 0 S j , S j is a graph over S i 0 with bounded slope, and we conclude that the area H 2 (S j ) (j ≥ i 0 ) is bounded in terms of H 2 (S i 0 ), as desired. The sequence S i converges subsequently to an embedded minimal surface S ∞ . When the limit in (6) is zero then S ∞ is a non-orientable minimal surface with stable double cover bounding a handlebody on one side. By irreducibility, the Heegaard splitting H is isotopic to this double cover with a vertical handle attached [11] . When the limit in (6) is not zero, S ∞ is the desired maximal element of S g (U, H).
The last two points readily follow from the definitions.
Definition 16. Let M be as above and H be a Heegaard splitting. Let C be a positive real number. A C-core of (M, H) is a non-empty closed subset C such that
A core of (M, H) is a non-empty closed subset C which is a C-core of (M, H) for all C > 0 sufficiently large.
For a 3-sphere, a core is by convention any non-empty closed domain C which contains no stable spheres in its interior and whose boundary is a finite disjoint union of stable spheres.
Note that given a core C of M, the couple (Γ 0 ,Γ 1 ) as in the definition is maximal. The following proposition gives conditions for the existence of a core in M.
Corollary 17. Let (M, g) be as above, H is an irreducible Heegaard splitting, and let S = (Γ 0 , Γ 1 ) ∈ S g (M, H). Suppose that H is not isotopic to the stable oriented double cover of a non-orientable minimal surface Σ ⊂ U with a vertical handle attached. Then there exists a core C of (M, H) with
, the above statement is true when "core" is replaced with "C-core".
Proof. For the fist part, it suffices to apply Lemma 15 with S. The second part is easier to prove since the stable surfaces in consideration have area bounded by C and so it follows by usual convergence arguments [30] .
Existence of minimal Heegaard splittings
We now state the main theorem.
Theorem 18. Let (M, g) be a closed oriented 3-manifold not diffeomorphic to the 3-sphere. Suppose that there is a strongly irreducible Heegaard splitting H. Then either H is isotopic to a minimal surface of index at most one, or isotopic to the stable minimal oriented double cover of a non-orientable minimal surface with a vertical handle attached.
Of course for 3-spheres, the theorem of Simon-Smith gives the existence of a minimal 2-sphere of index at most one [33] [5] . The existence of a strongly irreducible Heegaard splitting forces M to be irreducible.
Notice the following. If h is the Heegaard genus of M and if M contains an incompressible surface of positive genus k less than h, then by [8] • there is an oriented area-minimizing surface of genus k,
• or there is a non-orientable minimal surface whose oriented double cover is area minimizing and of genus k. On the other hand, if M is irreducible and does not contain any such surfaces (for instance when M is non-Haken), then there is a strongly irreducible Heegaard splitting so Theorem 18 applies. This follows from [4, Theorem 3.1], whose proof implies the following: if H is a Heegaard splitting of genus h ′ which is not strongly irreducible, then either it is reducible or M contains an incompressible surface of positive genus less than h ′ . We list a few corollaries of Theorem 18. Proof. For the bumpy metric case, if there is a minimal RP 2 with stable oriented double cover, then we get a 3-ball by cutting RP 3 along the previous projective plane. As in Corollary 17, we check that there is a core whose interior does not contain the boundary of the 3-ball and applying Theorem 12 to this core, we get an interior index one minimal sphere.
Example: This corollary is optimal if we focus on index at most one tori not included in a 3-ball, as shown by the following example. Consider a long cylindrical piece [0, 1] × S 2 , cap it on one side (say {0} × S 2 ) with a half-sphere, then take the quotient on the other side ({1} × S 2 ) by the usual Z 2 -action to get an RP 3 with positive scalar curvature. If the cylindrical piece is long enough with a metric near the product metric, and if the spheres {t} × S 2 constitute a mean convex foliation with mean curvature vector pointing towards {1}×S 2 , then by the maximum principle, the monotonicity formula and the area bound [15, Proposition A.1 (i)], there is no index one minimal torus intersecting the projective plane ({1} × S 2 )/Z 2 . Before proving Theorem 18, we need the following approximation lemma. Recall that (M, g) is closed irreducible oriented and not diffeomorphic to the 3-sphere.
Lemma 22. Let (M, g) be as above, let H be an irreducible Heegaard splitting. Suppose that H is not isotopic to the stable oriented double cover of a non-orientable minimal surface with a vertical handle attached. Let C be a core. Then for all constant C > 0 large enough, there is a sequence of bumpy metrics g m converging smoothly to g and C-cores C m with respect to g m , such that ∂C m converges smoothly to ∂C (with respect to g).
Proof. We choose a functionλ m converging smoothly to 1 so that ∂C is strictly minimal forλ m g. A small neighborhood V m of ∂C then has strictly mean convex boundary ∂V m forλ m g, and we can make ∂V m be diffeomorphic to two copies of ∂C, each one converging to ∂C on one side as m → ∞. Then using the genericity of bumpy metrics proved in [36] , we modify slightly the metricλ m g into g m so that the stable surfaces of (M, g m ) are strictly stable and ∂V m still has a mean convex boundary. By minimizing half of the boundary ∂V m inside V m , one finds a strictly stable embedded minimal surface S m for g m so that S m converges to ∂C. Let C be a constant larger than twice the area of ∂C ⊂ (M, g). For m large, Corollary 17 gives the existence of a C-core C m with
As m tends to infinity, the boundary ∂C m converges smoothly and the limit is ∂C by [30] , by definition of the core C.
Proof of Theorem 18. The surfaces considered are closed and embedded. Let H be a strongly irreducible Heegaard splitting of M. First suppose that the metric is bumpy. We can assume that H is not isotopic to the stable oriented double cover of a non-orientable minimal surface Σ ⊂ U with a vertical handle attached. So in particular there is a core C for (M, H) by Corollary 17. Let Γ 0 ∪ Γ 1 = ∂C be a boundary decomposition such that (Γ 0 , Γ 1 ) is H-compatible. Let Π be the saturated set generated by all the smooth sweepouts {Σ t } of C, such that A({Σ t }) = [|C|], such that Σ 0 (resp. Σ 1 ) is Γ 0 (resp. Γ 1 ) plus some curves and such that the slices Σ t (0 < t < 1) are smooth connected orientable and are isotopic to H. We can apply Theorem 12 to the core C and we get an embedded minimal surface Σ with area W (C, Π) (taking into account multiplicities). We also suppose by contradiction that H is not isotopic to a minimal surface.
If Σ is oriented then it is obtained by surgeries of H, and by strong irreducibility (see Remark 13) every time a surgery occurs along an essential curve, the surgery disk is on one well-defined side of H independent of the surgery. Surgeries along non-essential curves can happen on both sides and split off spheres. Notice that by maximality of (Γ 0 , Γ 1 ) there is no minimal sphere in the interior of the core, since otherwise we can minimize its area on the non-trivial side to get a stable sphere in Int(C) and we could have added this sphere to Γ 0 and get a bigger H-compatible couple, a contradiction. Since H is strongly irreducible, the multiplicity of the non-sphere components is one (see Remark 13) . By Theorem 12, one of the component Σ ′ is contained in the interior Int(C), has multiplicity one and it is unstable by maximality again. We minimize its area on the side M ′ which is not a handlebody (say the side of Γ 1 ). One checks that Σ ′ is incompressible inside M ′ as follows: suppose that an essential curve on Σ ′ bounds a disk on one side, it has to be the side of M ′ , but since H is isotopic to the union of Σ and Σ ′′ (non trivial and not a union of spheres) linked by small necks, there is an essential curve disjoint from the previous one bounding a disk on the other side of H, contradicting the strong irreducibility. So by γ-reduction one gets an isotopic surface
There is exactly one such unstable component Σ ′ by [18] . Then replacing Γ 0 by (Σ ∪ Σ ′′ )\Σ ′ (and removing the spheres inside handlebodies if necessary), we get a contradiction for the definition of the core C.
If Σ is non-orientable, then by the topological claim in the proof of [13, Theorem 3.3] and [12] or Remark 13, there is a unique component Σ ′ of Σ in the interior Int(C). It is non-orientable and has multiplicity two and for ǫ > 0 small enough, each Γ t is isotopic to ∂T ǫ (Σ ′ ) with a vertical handle attached. Remember that the oriented double coverΣ ′ is unstable by assumption. As in [13, Theorem 3.3] , the unstability ofΣ ′ gives rise by Lemma 23 to a smooth sweepout {Γ t } ∈ Π, such that
, it is a contradiction. The theorem is proved in the case of bumpy metrics.
Finally, if the metric is not bumpy, we use Lemma 22 to approximate g by bumpy metrics g m . For each m, there is a C-core C m and W (C m , Π) converges to W (C, Π). If C is chosen bigger than 2W (C, Π), then we check without difficulty that the above arguments hold for a C-core instead of a core for large m, since lim m W (C m , Π) = W (C, Π). We get for each m large enough
• either a minimal surface of index one isotopic to H, • or the stable minimal oriented double cover of a non-orientable minimal surface such that when we attach a vertical handle, we get a surface isotopic to H. Subsequently this sequence converges by [32] to a minimal surface Σ * . By strong irreducibility, either the limit is two-sided and the convergence is smooth, or the limit is one-sided, the oriented double cover of Σ * is stable (by a Jacobi field argument, see [32] for instance) and H is isotopic to it with a vertical handle attached. So Σ * is as in the statement of the theorem.
We state the lemma needed to prove that the local min-max surface, when non-orientable, has stable double cover.
Lemma 23. Let (M, g) be closed, endowed with g a bumpy metric, and N as in Theorem 12. Suppose that ∂N = Γ ∪ Γ ′ , where Γ is a mean-convex and Γ ′ is a disjoint union of stable minimal surfaces S 1 , ..., S K . Suppose that Γ bounds a handlebody B(Γ) in M, that each S i bounds a handlebody B(S i ) such that
Suppose also that there is a smooth sweepout 
Proof. Suppose that the second item does not occur and let Π be the saturated set generated by smooth sweepouts like {Σ t }. By Lemma 14, one has W (N, Π) > H 2 (Γ 0 ). By [12] , one get a minimal surface S from Γ by surgeries on the same side (the one which is a handlebody). Because of the strong irreducibility inside N, the multiplicity of the non-sphere components is one. By Theorem 12 one of the component S 0 is in the interior Int(N). It is also incompressible inside N. If it is unstable (then all the other components of S are stable) we can minimize its area by γ-reduction in B(Γ)\B(Γ ′ ) on the side which is not a handlebody, to get S 1 . By [19] , the stable surface (S ∪ S 1 )\S 0 minus the spheres contained in handlebodies gives the desired result.
2.3. Case of non-prime oriented 3-manifolds. When an oriented 3-manifold is not prime, we can cut it along area-minimizing 2-spheres obtained by minimizing the area of the separating essential spheres. They are either embedded or the double-cover of a projective plane. Let C 0 be one of the component and denote byĈ 0 the manifold obtained by closing with 3-handles (i.e. gluying 3-balls). IfĈ 0 has a strongly irreducible Heegaard splitting H, which we can suppose included in C 0 , then Theorem 18 applies and we obtain: Theorem 24. Let (M , g) be an oriented 3-manifold andĈ 0 as above with a strongly irreducible Heegaard splitting H ⊂ C 0 . Then either H is isotopic to a minimal surface of index at most one, or isotopic to the stable minimal oriented double cover of a non-orientable minimal surface with a vertical handle attached. In this section, we specialize to the case of positive scalar curvature. We suppose that M is a spherical space form S 3 /Γ not diffeomorphic to S 3 . Assume that M is endowed with a metric g with scalar curvature at least 6, then any embedded orientable stable surface is a sphere (see [31] ) of area at most 4π/3, and index one minimal surfaces also have an area bound [15, Proposition A.1 (i)].
Existence of index one minimal Heegaard splitting with minimal genus
A corollary of Theorem 18 is the following existence theorem for irreducible minimal Heegaard splittings in spherical space forms with positive scalar curvature.
Theorem 25.
(1) Let (M, g) be an RP 3 which has scalar curvature at least 6. Then
• either M contains an index one Heegaard splitting of genus one which has area less than 4π, • or M contains a minimal RP 2 with stable oriented double cover and area less than 2π. (2) Let (M, g) be a spherical space form S 3 /Γ not diffeomorphic to S Proof. Observe that since the scalar curvature is positive any oriented stable minimal surface is a sphere, and a non-orientable minimal surface with stable oriented double cover has to be an RP 2 . Then the theorem follows essentially from Theorem 18. It remains to get the strict area upper bound in the case where M is diffeomorphic to RP 3 . First by [2] , the area of an areaminimizing RP 2 is smaller than 2π whenever M is not round. The theorem is clearly true for the round RP 3 (consider the projection of a Clifford torus). So let Σ be such an area-minimizing projective plane and suppose that its oriented double cover is unstable. Attaching a vertical handle to Σ we get a genus one Heegaard splitting H and there is a core C of (M, H) containing Σ in its interior (by the arguments of Lemma 17) . As in the proof of Theorem 18, we use Lemma 23 to find a smooth sweepout of C with maximum area less than 2H 2 (Σ), so the local min-max procedure gives either an index one Heegaard splitting of genus one and area less than 4π, or a minimal projective plane with area less than 2π and stable universal cover.
Existence of index one minimal Heegaard splitting with area less than 4π
The following result combined with Theorem 25 (1) can be thought of as an extension of Theorem 23 in [34] in the orientable case.
Theorem 26. Let (M, g) be a spherical space form S 3 /Γ not diffeomorphic to S 3 or RP 3 , and with scalar curvature at least 6. Then M contains an index one minimal Heegaard splitting with area less than 4π.
Proof. Let M be a spherical space form not diffeomorphic to S 3 , with scalar curvature at least 6. Recall that if M cannot contain an embedded RP 2 since then by irreducibility M would be an RP 3 . By Corollary 17, there is a core C ⊂ M. Observe that the boundary components are all spheres.
Pick a homotopy class
in the sense of Almgren-Pitts corresponding to the fundamental class of C, with C 0 , C 1 going through the (finitely many) possible choices, namely A(Π C ) = [|C|] . The width of the core is L(Π C ). Suppose the latter to be minimal with respect to the choice of C 0 , C 1 .
Claim: There is an embedded connected minimal surface of index 1, which is also a Heegaard splitting of M, such that Σ ⊂ Int(C) and H 2 (Σ) = L(Π C ).
Indeed for a bumpy metric, we get a minimal surface Σ in the interior of the core. Suppose that Σ is oriented unstable. It has to be a Heegaard splitting because minimizing its area in the core on one side, we get stable spheres (which have to bound 3-balls in this side) so we can make its area goes to zero in this side (see [19, Proposition 1] ). Thus applying Lemma 23 on both sides of Σ, using interpolation and discretizing the sweepouts, we get that actually H 2 (Σ) = L(Π C ). As in Theorems 18 and 25 we rule out the case where Σ is non-orientable. For general metrics, we use the approximation proved in Lemma 22. It remains to improve the area bound yielded by the usual Hersch trick. Suppose for simplicity that the metric is bumpy. We want to show L(Π C ) < 4π. For that purpose, let us consider the liftC of C to S 3 . We apply Theorem 12. There is a minimal sphereS in the interior ofC and its index is at most one so by the Hersch trick,
After projecting on M, we get a non-embedded immersed minimal surface S ⊂ Int(C) ⊂ M. We want to apply the method of [34, Proposition 19, Proposition 22] to S. If at embedded points of S the projection is a local diffeomorphism then any generic closed curve in Int(C) intersecting S an odd number of times would lift to a closed curve intersectingS ⊂ S 3 an odd number of times, which is absurd. Hence in that case, inspecting the proof of [34, Lemma 16] , we conclude that S satisfies the local separation property (LS). If at embedded points of S the projection is a double cover, then
2H
2 (S) ≤ 4π and we can simply reduce the boundary of every component of C\S at the same time. So in every case we construct a homotopy sequence {ψ i } ∈ Π C such that L({ψ i }) ≤ 4π and L(Π C ) < L({ψ i }), the strict inequality coming from the fact that S is not embedded while Almgren-Pitts min-max theory produces embedded surfaces (see [34] ).
Finally, if the metric is not bumpy, we use Lemma 22 to get minimal spheresS m in the interior of the liftsC m . Since C m are cores,S m cannot converge to a sphere of ∂C so there is a limit minimal sphere in the interior ofC, which projects to S in M. The end of the argument is the same as previously.
Remark 27.
• Here is an observation following from [19, Proposition 1]: if M is a spherical space form with Heegaard genus two and positive scalar curvature, then it does not contain a minimal torus not included in a 3-ball.
• The above theorem does not provide information on the genus of the Heegaard splitting with area less than 4π since we are using a projection argument and the min-max theory of Almgren-Pitts. For M as in the theorem, is there a Heegaard splitting with area less than 4π, which has minimal genus? In the special case Ric > 0, this is true by combining [15] and [13] but it seems quite arduous to extend the method to the case R > 0 (see [35] 
where the factors S 3 /Γ i are not diffeomorphic to RP 3 and do not contain embedded non-orientable surfaces, the factors S 3 /Γ i are not diffeomorphic to RP 3 and contain an embedded non-orientable surface. Here a (resp. d) is the number of RP 3 (resp. S 1 × S 2 ) in the prime decomposition. Recall that S 1 ×S 2 is the only orientable non-irreducible prime 3-manifold. As in subsection 2.3, everything extends to the non prime case.
Theorem 28. Let (M, g) be an oriented 3-manifold not diffeomorphic to S 3 , with scalar curvature at least 6, and letĈ 0 be as in Theorem 24. Suppose that H ⊂ C 0 is a strongly irreducible Heegaard splitting ofĈ 0 .
• WhenĈ 0 is not an RP 3 , then H is isotopic to a minimal surface of index one, and there is an index one minimal surface Σ ⊂ C 0 of area less than 4π, such that Σ is a Heegaard splitting inĈ 0 .
• WhenĈ 0 is an RP 3 , either there is an index one minimal torus isotopic to H of area less than 4π or a minimal RP 2 of area less than 2π with stable universal coverS, and H is isotopic toS plus a vertical handle attached.
Let I(I) be the family of minimal surfaces with index at most I. When the scalar curvature is positive, Theorem 1.5 in [3] shows that generically I(I) is finite for all integer I. A corollary of our previous theorem is a lower bound for the cardinal of I(1) for any metric:
Corollary 29. Let (M , g) be as in (7) and with positive scalar curvature. Then I(1) has at least a + 2b + 3c + 2d − 1 elements.
